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Theoretical calculation of atomic properties of superheavy elements Z = 110− 112 and
their ions.
B.G.C. Lackenby,1 V.A. Dzuba,1 and V.V. Flambaum1, 2
1School of Physics, University of New South Wales, Sydney 2052, Australia
2Johannes Gutenberg-Universita¨t Mainz, 55099 Mainz, Germany
We calculate the spectra, electric dipole transition rates and isotope shifts of the super heavy
elements Ds (Z = 110), Rg (Z = 111) and Cn (Z = 112) and their ions. These calculations
were performed using a recently developed, efficient version of the ab intio configuration interaction
combined with perturbation theory to treat distant effects. The successive ionization potentials of
the three elements are also calculated and compared to lighter elements.
I. INTRODUCTION
The discovery and study of super heavy elements
(SHEs) where Z > 103 have been of great interest
both experimentally and theoretically to physicists for
the past 50 years. The large nuclear charge of these
nuclei is predicted to result in exotic atomic properties
which are not observed in other elements and breaks
well established trends in the periodic table. While
elements up to Z = 118 have been experimentally
synthesized and recognized, their low production rates
and short half lives have made the study of chemical and
physical properties difficult (see reviews [1–3]). As such,
there is no experimental data on their spectra though
there has been experimental success in measuring the
ionization potentials and single excited states in No and
Lr which lie just below the SHEs[4–6]. Therefore, for
the further progress in experiment, the study of electron
properties of SHEs must be made in the theoretical
domain using many-body approaches. Such theoretical
calculations will not only help us understand exotic
properties SHEs, they are also predictive and will aid
both future experimental measurements and the search
for meta-stable isotopes which belong to a hypothetical
island of stability in astronomical data.
Most of SHE in the region Z = 103 to Z = 118
have open shells, with up to ten electrons in them.
Theoretical study of such systems is difficult due to fast
increase of the number of possible configurations with
the number of electrons. There are few powerful methods
of many-body relativistic calculations which work very
well for atoms with relatively simple electron structure,
having one to four electrons above closed shells. They
were used in a number of studies of SHE which fell into
this category (see, e.g. [7, 8]). The use of these methods
for systems with more than four external electrons is
problematic due too high demand for computer power.
Also, techniques which extrapolate results of lighter
elements are insufficient for treating SHEs due to the
large relativistic effects which result in exotic properties
which lighter elements in the elemental group do not
have. An efficient method capable of calculating the
spectroscopic properties of these elements has been
developed in [9] which combines CI and perturbation
theory (PT) referred to as the CIPT method.
The CIPT method has been used for the open 6d−shell
SHEs Db (Z = 105)[10], Sg (Z = 106), Bh(Z = 107),
Hs(Z = 108) and Mt(Z = 109) [11] along with the
closed shell noble SHE Og (Z = 118)[12]. This method
has also been used to accurately calculate the low-lying
states of Ta[10] and Rn[12] (lighter elemental analogs
of Db and Og respectively) when compared to available
experimental data. This paper will focus on the heaviest
SHE ‘metals’ in groups 10, 11 and 12, specifically darm-
stadtium (Ds, Z = 110), roentgenium (Rg, Z = 111)
and copernicium (Cn, Z = 112). In particular, these
SHEs are of interest as their proton number lies close
to the expected magic number for stability, Z = 114,
and therefore the existence of long lived meta-stable
isotopes is promising [1]. The expected magic numbers of
neutrons for these meta-stable nuclei has been calculated
to be N = 184. The search for these meta-stable SHE
and the “island of stability” has been at the frontier of
nuclear physics for decades. These neutron rich nuclei
cannot be produced in laboratory conditions, however it
has been suggested that the neutron flux, which occurs
in cosmological events, could create these meta-stable
nuclei [13–16]. A promising method for detecting traces
of these isotopes in astrophysical data using calculated
isotope shifts and experimental data from unstable,
neutron deficient isotopes in laboratories was presented
in Ref. [17]. Therefore, in this work we also present the
isotope shifts of the neutral atoms and ions Ds I, II,
III, and Rg I, II for optical E1 transitions. While some
states of Rg I and Cn I have been calculated previously
(see Sections III and IV) there has not been significant
treatment of the ionic states of the elements or their
isotope shifts.
The ground states for the three elements have been
found to be [Rn]6dn7s2 where n = 8, 9, 10 for Ds,
Rg and Cn respectively. The Cn atom has relatively
simple electron structure with completely closed shells
in its ground state. Therefore, theoretical predictions
of its spectra do exist, they were calculated using ab
initio techniques such as multiconfigurational Dirac
Fock (MCDF) [18, 19], relativistic pseudopotentials
(RPP) [20], CI + MBPT [21] and relativistic coupled
2cluster (RCC) [22] methods. Similarly for Rg, which
is one electron short of a closed 6d shell, the RPP
method has been used to calculate some states in the ex-
citation spectrum with which we can compare our results.
This paper progresses as follows, in Section II we
give a brief overview of the CIPT method and how it
is implemented for SHE. In Section III and Section IV
we present the calculated low-lying excitation spectrum
of Ds I, II, III, and Rg I, II and Cn I, II, III. In
Sections V and VI we present the optical E1 transitions
and corresponding isotope shifts, and the successive
ionization potentials of Ds, Rg and Cn respectively.
II. THE CIPT METHOD
As mentioned above, a novel configuration interaction
approach to calculate the spectra of atoms with unfilled
shells has been developed [9] and used to calculate
the spectra, IPs and transition probabilities in SHEs
Z = 102, 105 − 109 and Z = 118 and their respective
lighter elemental analogs [9–12]. Recently the efficiency
of this method has been improved upon with only a
small additional cost of accuracy [23]. In this work we
will give a brief overview of the method.
To generate the single-electron basis states a V Ne−1
(where Ne is the total number of electrons) Hartree-Fock
(HF) approximation is used. In this approximation,
the Hartree-Fock calculations are performed for the
charged open-shell ion with one electron removed
from the atom or ion of interest [24, 25]. In most
of cases external s electron is removed. However, in
some cases, like e.g. calculations for even states of
Au I and Hg II, better accuracy is achieved if a 5d
electron is removed. The multi-electron basis sets are
then generated using a B-splines technique with 40
B-spline states in each partial wave of order 9 in a box
of radius 40 aB (where aB is the Bohr radius) with
partial waves up to lmax = 4. The single determinant
many-electron basis states |i〉 = Φi(r1, . . . , rNe) for the
CI calculations are generated by making all single and
double electron excitations from reference configurations.
The CI wavefunction, |Ψ〉, is written as an expan-
sion over single-determinant many-electron states from
two distinct sets of the many-electron basis states |i〉,
|Ψ〉 =
NEff∑
i=1
ci|i〉+
Ntotal∑
i=NEff+1
ci|i〉. (1)
The first summation in Eq. (1) represents a small set
of low energy wavefunctions which give a good approx-
imation to the state (i ≤ NEff, where NEff is the num-
ber of wavefunctions in the low energy set). The sec-
ond summation in Eq. (1) is a large set of high energy-
wavefunctions which are corrections to the state. The CI
matrix is constructed by ordering the basis states |i〉 by
energy and divided into the two sets of low energy and
high energy states. The CI matrix is simplified by ne-
glecting all off diagonal matrix elements of the CI matrix
between the terms in the high energy set, 〈i|HCI|j〉 = 0
for |i〉, |j〉 > NEff. This truncation of the matrix signifi-
cantly reduces the previous large diagonalization problem
to a simplified CI diagonalization problem of size NEff.
This smaller matrix of size NEff × NEff is referred to as
the effective CI matrix.
(HCI − EI)X = 0, (2)
where I is unit matrix, the vector X = {c1, . . . , cNeff }.
The high energy basis states i > NEff are included by
modifying the matrix elements of the effective CI matrix.
Specifically the matrix elements of the effective CI matrix
are modified to include perturbative contributions from
the high energy states,
〈i|HCI|j〉 → 〈i|HCI|j〉+
∑
k
〈i|HCI|k〉〈k|HCI|j〉
E − Ek
. (3)
where i, j ≤ NEff, k > NEff, Ek = 〈k|H
CI|k〉, and E is
the energy of the state of interest. As this energy is not
known a priori, iterations of the second summation must
be performed until there is a convergence in E. When
this convergence is achieved, the energy is an exact
solution to the truncated CI matrix. This is known as
the CIPT method.
The Breit interaction [26, 27] and quantum electrody-
namic (QED) radiative corrections (Ueling potential
and electric and magnetic form factors) [28] are included
in the calculations as described in our earlier works
(see, e.g. [29]). As both the Breit and QED radiative
corrections scale with nuclear charge, Z, faster than the
first power [29] their contribution to the energy levels
of SHE is non negligible. For each level we calculate
the Lande´ g-factor for comparison with experimental
g-factors in lighter elements. To label the levels in
the SHE spectra for reference, we compare the SHE
states to similar states in lighter analogs with similar
g−factors, and if available, adopt that notation for
the SHE state. However it should be noted that LS
notation is not, in general, appropriate for labeling SHE
states. This is due to very large spin-orbit interaction
in SHEs (so the eigenvectors will look strongly mixed in
LS notation). We only use LS notations for comparison
with lighter elements. If analogous states of the lighter
element are not available with LS notation we label
the nth sequential state of total angular momentum J
and parity by nparityJ . We use the same notation for
presenting states of lighter elements when LS notation
is not available.
3III. DS AND RG
Both elements darmstadtium and roentgenium were
first synthesized in 1994 [30, 31] and officially named and
recognized in 2001 [32]. Early theoretical calculations of
their ground states show that they are anomalous in each
of their groups. Consider both of the lighter elemental
analogs Pt and Au which have ground states 5d96s and
5d106s respectively. The large relativistic effects in Ds
and Rg directly stabilize the 7s orbital and indirectly
destabilize the 6d orbital resulting in ground states of
6d87s2 and 6d97s2[33] respectively. The ground state of
Ds and Rg both follow the same trend of the other open
6d-shell elements which all have closed 7s shell ground
states. Using the CIPT method described in Section II
we calculate the low-lying excitation spectrum of both
Ds I, II, III in Table I and Rg I, II in Table III. To gauge
the accuracy of the atomic calculations we also calculated
the energy levels of Pt I, Pt II and Pd III for comparison
with available experimental results in Table I.
Table I: Comparison of CIPT energy level calculations for neutral Pt I, II
and Pd III with experimental values. Low lying even and odd states for
Ds I, Ds II and Ds III calculated using the CIPT energy. Experimental
energies and CIPT energies are given by EE and ET respectively. Where
available, the experimental Lande´ g-factors gE are provided for compar-
ison. The discrepancy between the experimental and CIPT energies is
given by ∆ = EE − ET.
Experimental[34] CIPT CIPT
State
EE
(cm−1)
gE
ET
(cm−1)
gT ∆ State ET gT
Pt I Ds I
Even states
5d96s 3D3 0 0 1.33 6d
87s2 3F4 0 1.23
5d96s 3D2 776 1.01 728 1.07 48 6d
87s2 3P2 4 146 1.12
5d86s2 3F4 824 1.25 1 289 1.24 -465 6d
87s2 0 14 541 0.00
5d10 1S0 6 140 5 148 0.00 992 6d
87s2 3F3 16 499 1.08
5d96s 3D1 10 132 8 889 0.50 1 243 6d
87s2 3P1 23 322 1.50
Odd states
5d86s6p 5Do4 30 157 1.46 31 390 1.46 -1233 6d
77s27p 1o4 21 812 1.34
5d96p 1o2 32 620 1.39 31 652 1.38 968 6d
77s27p 1o5 24 958 1.23
5d86s6p 1o5 33 681 1.32 34 662 1.31 -981 6d
77s27p 1o1 26 779 1.44
5d96p 1o3 34 122 1.21 33 141 1.13 981 6d
77s27p 1o2 28 550 1.07
5d86s6p 2o3 35 322 1.33 36 479 1.36 -1157 6d
77s27p 2o2 30 383 1.34
5d86s6p 2o4 36 296 36 394 1.25 -98 6d
77s27p 1o3 32 645 1.16
5d86s6p 5G6 36 782 1.33 37 603 1.33 -821 6d
77s27p 2o3 36 404 1.25
5d96p 2o1 36 845 1.09 36 761 1.16 84 6d
77s27p 2o4 34 919 1.38
5d96p 1o2 37 342 1.15 36 889 1.14 453 6d
77s27p 3o4 39 814 1.15
5d96p 3o4 37 591 1.25 37 615 1.17 -24 6d
77s27p 2o5 40 173 1.27
5d96p 3o3 37 769 1.17 37 218 1.24 551 6d
77s27p 1o0 40 668 0.00
5d86s6p 5Fo5 38 536 1.30 39 451 1.31 -915 6d
77s27p 3o2 42 632 1.29
5d86s6p 2o2 38 816 0.88 39 275 0.76 -459 6d
77s27p 3o5 42 682 1.22
5d86s6p 4o4 40 194.2 1.21 41 329 1.23 -1 135 6d
77s27p 3o3 42 722 1.26
5d86s6p 3o2 40 516.3 1.38 41 968 1.23 -1 452 6d
77s27p 16 42 322 1.28
5d86s6p 4o2 40 787.9 1.20 42 262 1.35 -1 474 6d
77s27p 2o1 42 828 0.78
5d96p 2o0 40 873.5 41 467 0.00 -594 6d
77s27p 4o2 42 900 1.10
5d86s6p 4o3 40 970.1 1.12 41 991 1.09 -1 021 6d
77s27p 4o4 43 915 1.18
5d86s6p 3o1 41 802.7 0.92 41 916 0.82 -113 6d
77s27p 4o3 44 974 1.23
5d86s6p 5o3 42 660.2 1.19 44 087 1.14 -1 427 6d
87s7p 5o2 45 149 1.29
5d86s6p 4o1 43 187.8 1.39 44 300 1.31 -1 112 6d
77s27p 2o0 46 009 0.00
Pt II Ds II
Even states
5d9 2D5/2 0.0 0 1.20 6d
77s2 4F9/2 0 1.27
5d86s 4F9/2 4 786.6 4 653 1.33 134 6d
77s2 4F3/2 4 464 1.20
5d9 2D3/2 8 419.9 8 031 0.79 389 6d
77s2 4F5/2 8 484 1.21
5d86s 4F7/2 9 356.2 9 166 1.20 190 6d
77s2 4F7/2 15 407 1.20
5d86s 4P1/2 21 718 22 886 2.57 -1168 6d
77s2 11/2 21 178 1.37
Continued on next page
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State
EE
(cm−1)
gE
ET
(cm−1)
gT ∆ State ET gT
6d77s2 111/2 28 183 1.09
Odd states
5d86p 4Do7/2 51 408 52 054 1.35 -646 6d
67s27p 1o7/2 37 951 1.43
5d86p 4Go9/2 53 876 54 046 1.18 -170 6d
67s27p 1o3/2 38 415 1.48
5d86p 4Do3/2 56 588 58 285 1.26 -1697 6d
77s7p 1o9/2 39 010 1.42
5d86p 4Go5/2 57 018 58 198 1.16 -1180 6d
67s27p 1o5/2 40 654 1.25
6d67s27p 2o9/2 41 911 1.28
Pd III Ds III
Even states
4d8 3F4 0 0 1.25 6d
67s2 12 0 1.37
4d8 3F3 3 229 3 173 1.08 56 6d
77s 5F5 1 412 1.35
4d8 3F2 4 686 4 695 0.70 -9 6d
67s2 5F4 1 675 1.32
4d8 3P1 13 469 14 787 1.50 -1 318 6d
67s2 10 12 795 0.00
4d8 3P0 13 698 15 212 0.00 -1 514 6d
77s 5F1 13 279 1.15
4d75s 5F5 52 916 51 230 1.40 1 686 6d
77s 5F3 13 376 1.38
Odd states
4d75p 5Do4 104 418.86 101 793 1.41 -2 626 6d
67s7p 1o4 45 317 1.54
6d67s7p 1o2 48 521 1.71
6d67s7p 1o5 51 498 1.41
For Pt I and Pt II the even states are calculated using
the reference states 5dn−16s, 5dn−26s2 and 5dn and odd
states are calculated with reference states 5dn−26s6p,
5dn−36s26p and 5dn−16p where n = 10 and 9 for the
neutral atom and ion respectively. The CI matrix is
populated with all single and double excitations of these
reference states. Similarly for the calculations of Pd
III we used reference states 4d75s, 4d66s2 and 4d8 for
the even states and 4d85s5p, 4d75s25p and 4d95p for
odd states. The spectrum of Pd III is calculated for
comparison as there is no available experimental data
for Pt III.
From Table I we see that there is good agreement
between experimental results aggregated in Ref. [34] and
the CIPT calculations of Pt I, II and Pd III. While not
as consistently accurate as the calculations of Ta in Ref.
[10] which had an accuracy of |∆| ≈ 500 cm−1, for both
the odd and even parity states of Pt I and Pt II there
is agreement to within |∆| ≈ 1500 cm−1for low-lying
states. For higher states the absolute energy difference
between experimental and theoretical results is larger
but the relative difference is only ∼ 2%. We expect
this level of accuracy to be similar for the calculations
of neutral Ds and the respective ions using the CIPT
method.
To calculate the excitation spectrum of Ds I, II
and III reference configurations 6dn−17s, 6dn−27s2
and 6dn (even states) and, 6dn−27s7p, 6dn−37s27p and
6dn−17p (odd states) are used to populate the effective
CI matrix for n = 10, 9 and 8 respectively. Comparing
the spectra of neutral Ds and its ions with the spectra
of lighter elemental analog we see that while they are
in the same elemental group in the periodic table, there
are some stark differences between their spectra. As
previously mentioned, the ground state of Ds I follows
the SHE trend of a closed 7s2 shell unlike Pt I. The
relativistic contraction of the 7s shell and consequent
destabilization of the 6d shell in the SHE spectra results
in a majority of odd parity states from the excitation
of the 6d electron to the 7p shell. Comparatively, the
lighter analog spectrum of odd states is dominated by
excitations of the 6s electron to the 6p shell. This lowers
the odd state spectrum of Ds I with the first odd parity
state 1o4 at 21812 cm
−1 compared to the lowest state
5Do4 at 30157 cm
−1. This can also be seen in the odd
parity spectrum of Ds II when compared to Pt II. In Pt
II the first odd parity state is located far outside the
optical region at 51408 cm−1 while there are at least
5 odd parity states in the Ds II spectrum which could
potentially be detected through optical transitions to
the ground state. This is similar to what was found
when comparing the lighter open 6d−shell elements to
their respectively lighter analogs in Refs. [10, 11]. The
electric dipole (E1) amplitudes and transition rates of
these optically accessible states are calculate in Section
V.
The excitation spectrum of Rg I and Rg II was
calculated using the CIPT method and the results are
presented in Table III. The CIPT calculation of Rg
was very similar to Ds. The reference configurations
used to populate the CI matrix are 6dn−17s, 6dn−27s2
(even states) and, 6dn−27s7p, 6dn−37s27p and 6dn−17p
(odd states) where n = 11 and 10 for Rg I and Rg II
respectively. As for the Pt/Pd and Ds calculations both
the neutral and first ion spectrum of Au were calculated
5Table II. Comparison of CIPT energy level calculations, ET
and experimental energy levels, EE,results for Au and Au
II. Where available, the experimental Lande´ g-factors, gE,
are given along with calculated g-factors, gT. The difference
between the experimental and theoretical energies are also
presented, ∆ = EE − ET.
State EE [34] gE ET gT ∆
(cm−1) (cm−1) (cm−1) (cm−1)
Au I
Even states
5d106s 2S1/2 0 1.997 0 2.00
5d96s2 2D5/2 9 161.77 1.192 10 902 1.20 -1 740
5d96s2 2D3/2 21 435.191 0.804 22 361 0.80 -926
Odd states
5d106p 2Po
1/2 37 358.991 0.661 38 722 0.67 -1 363
5d106p 2Po3/2 41 174.613 1.334 42 648 1.33 -1 473
Au II
Even states
5d10 1S0 0 0 0
5d96s 3D3 15 039.572 15 887 1.33 -847
5d96s 3D2 17 640.616 18 551 1.20 -910
5d96s 3D1 27 765.758 27 854 0.50 -88
Odd states
5d96p 1o2 63 053.318 1.45 64 964 1.39 -1 910
to determine the accuracy of the Rg calculations. The
Au calculations used appropriate analogous reference
configurations to those used for Rg and are presented
in Table II with experimental results for comparison.
We see that the accuracy of the Au calculations is
similar to that for Pt and Pd (|∆| ≈ 1500 cm−1) . We
expect a similar accuracy for the CIPT calculations of
Rg I and II are presented in Table III. These results
agree with the early calculations of Ref. [33] which
found Rg I has a ground state of 6d97s2 (2D5/2). As
seen in Ds, the odd parity energies of Rg I have been
shifted lower in the spectrum when compared to Au I.
In Au I there are at most 2 viable optical E1 transitions
from the ground state whereas in Rg I there are 5
promising transitions. In Au II there are no optically
accessible states where there two potential states in Rg II.
Unlike Ds, some excitation levels and ionization
potentials of Rg I have been previously calculated in
Ref. [20] using a pseudo-potential method and in Ref.
[33] using a relativistic coupled cluster method. These
values are included for comparison in Table III. While
our CIPT calculations are in good agreement with these
calculations, they are always lower. While there has
been calculation of odd parity states of Rg I in Ref. [20]
they consider the excitation 7s → 7p above a closed 6d
shell. The E1 transitions of Rg I and Rg II along with
the corresponding isotope shifts have been included in
Section V.
Table III. Low lying even and odd states for Rg I and Rg
II calculated using the CIPT energy. The theoretical CIPT
energies are given by ECIPT and the Lande´ g-factors are given
by gCIPT. Where available, previously calculated states in
Ref. [20] are given by EPP for comparison.
State ECIPT gCIPT ERCC [33] EPP [20]
(cm−1) (cm−1) (cm−1)
Rg I
Even states
6d97s2 2D5/2 0 1.20
6d97s2 2D3/2 19 174 0.80 21 670 20 250
6d107s 2S1/2 22 428 2.00 23 820 24 760
Odd states
6d87s27p 1o
7/2 28 224 1.32
6d87s27p 1o9/2 31 795 1.17
6d87s27p 1o3/2 32 677 1.13
6d87s27p 1o5/2 34 398 1.07
6d97s7p 4Po5/2 42 709 1.46
6d87s27p 1o1/2 44 292 0.72
6d97s7p 4Fo7/2 46 619 1.22
6d87s27p 3o5/2 47 517 1.13
6d97s7p 4Po3/2 48 547 1.40
Rg II
Even states
6d87s2 3F4 0 1.23
6d87s2 12 3 786 1.11
6d97s 3D3 12 255 1.33 13 950 16 720
6d87s2 10 15 754 0.00
6d87s2 3P1 28 105 1.50
Odd states
6d77s27p 1o4 42 047 1.32
6d87s7p 2o4 44 863 1.41
6d77s27p 1o1 45 219 1.42
6d77s27p 1o5 45 926 1.23
6d77s27p 1o2 47 132 1.25
6d77s27p 2o2 47 915 1.14
IV. CN
Copernicium (Cn) was first synthesized in 1996 [35]
in Darmstadt Germany. In particular the isotope 277Cn
was synthesized which has a halflife of 200 ps which is
too short for chemical study. Compared to Ds and Rg,
there has been considerably more theoretical and exper-
imental study on Cn where chemical properties such as
its the interaction with gold have been investigated [36].
This is primarily due to the closed 6d shell in the ground
and some excited states of Cn. Calculations for such
states can be done with many different methods. There
has been significant theoretical study on the excitation
spectrum compared to the lighter SHE. Many body tech-
niques such as relativistic coupled cluster (RCC) [22],
Multiconfigurational Dirac Fock (MCDF) [18, 19], rela-
tivistic Hartree-Fock and CI [21] and relativistic pseudo-
potentials [20] have been used to calculate the exciation
6Table IV. Comparison of CIPT energy level calculations, ET,
and experimental energy levels, EE,results for neutral Hg and
ions. Where available, the experimental Lande´ g-factors, gE,
are given along with calculated g-factors, gT. The difference
between the experimental and theoretical energies are also
presented, ∆ = EE − ET.
State EE [34] gE ET gT ∆
(cm−1) (cm−1) (cm−1) (cm−1)
Hg I
5d106s2 1S0 0 0 0
5d106s6p 3Po0 37 645 37 572 0 73
5d106s6p 3Po1 39 412 1.48 39 124 1.49 288
5d106s6p 3Po2 44 043 1.50 43 623 1.50 420
5d106s6p 3Po1 54 068 52 658 1.02 1 410
Hg II
5d106s 2S1/2 0.00 0.00 2.00
5d96s2 2D5/2 35 515 37 278 1.20 -1 763
5d106p 2Po1/2 51 486 52 130 0.67 -644
5d96s2 2D3/2 50 556 51 423 0.80 -867
5d106p 2Po3/2 60 608 60 860 1.33 -252
Hg III
5d10 1S0 0.0 0
5d96s 13 42 850.3 43 791 1.33 -941
5d96s 12 46 029.5 46 997 1.17 -968
5d96s 11 58 405.8 58 538 0.50 -132
Table V. Comparison of theoretical energy level calculations
for neutral Cn. The energy levels of this work are given
by ECIPT with g−factors gCIPT. Where available, previ-
ous atomic calculations using multiconfigurational Dirac-Fock
(EMCDF) and relativistic Hartree-Fock calculations (ERHF)
are presented for comparison.
State ECIPT gCIPT ERHF [21] EMCDF [18]
(cm−1) (cm−1) (cm−1)
6d107s2 1S0 0 0 0 0
6d97s27p 12 31 263 1.37 35 785 34 150
6d97s27p 13 33 857 1.10 38 625 37 642
6d107s7p 3Po0 45 097 0.00 51 212 48 471
6d107s7p 3Po1 47 293 1.41 53 144 52 024
6d97s27p 3Po2 54 241 0.98 56 960 60 809
energies, ionisation potentials and oscillator strengths of
Cn. Unlike the other SHE there has also been studies
on the first and second ions of Cn in [19, 22]. Using the
CIPT method we compared our calculations of neutral
Hg and the ions Hg II and Hg III with experimental re-
sults, the results are presented in Table IV. There are
only few low energy states in the excitation spectrum of
Hg I, II and III due to the stability of the closed shells.
We find good agreement between the experimental and
CIPT results of |∆| < 1000 cm−1 in Table IV. In Table
V the low-lying spectrum of Cn is presented and com-
pared to other calculations. The CIPT calculations of
Hg I were performed using the reference configurations
Table VI. Comparison of theoretical energy level calculations
for Cn II and Cn III. The energy levels of this work are given
by ECIPT with g−factors gCIPT. Previous atomic calculations
using relativistic coupled-cluster calculations (ERCC) are pre-
sented for comparison.
State ECIPT gCIPT ERCC [22]
Cn II
6d97s2 2D5/2 0 1.20
6d107s 2S1/2 11 037 2.00 12 905
6d97s2 2D3/2 23 760 0.80 25 326
6d87s27p 1o7/2 53 236 1.31
Cn III
6d87s2 14 0 1.23
6d87s2 12 681 1.08 374
6d97s 13 1 160 1.33 1 493
6d10 1S0 8 521 0.00 6 411
6d97s 11 27 029 0.50 28 353
6d87s7p 1o1 64 336 1.29
5d106s2 (even states) and, 5d96s26p and 5d106s6p (odd
states). For Hg II we used reference states 5d96s2 and
5d106s (even states) and, 5d86s26p, 5d96s6p and 5d106p
(odd states). For Hg II we used reference states 5d86s2,
5d96s and 5d10 (even states) and, 5d76s26p, 5d86s6p and
5d96p (odd states). The same sets of reference configu-
rations were used for the Cn I-III calculations with the
appropriate principal quantum numbers.
V. ELECTRIC DIPOLE TRANSITIONS AND
ISOTOPE SHIFTS
Along with the excitation spectrum we also calcu-
lated the electric dipole transition rates, AE1, for al-
lowed transitions to ground with transition frequencies
ω < 45 000 cm−1 which are presented in Table VII.
Only these transitions are considered as they are the
ones that can be measured with the current experimen-
tal spectroscopy methods for heavy elements [4, 37, 38].
The maximum transition frequency currently accessible
is ω ≈ 40 000−1[39] so states up to ω =45 000 cm−1 are
presented to account for the uncertainty in the calcula-
tions and future experimental advancements. These are
some of the first spectroscopic properties to be measured
in experiments and therefore theoretical predictions will
aid future experiments. The E1 transition rates are cal-
culated using the formula
AE1 =
4
3
(αω)
3 D
2
E1
2J + 1
(4)
where J is the angular momentum of the upper state
and DE1 is the E1 transition amplitude. The E1 tran-
sition amplitudes are calculated using a self-consistent
random-phase approximation (RPA) (see Refs. [10, 40]
for more details). The accuracy of these calculations was
7discussed in Refs. [11, 12] by calculating the transition
rates of light analogs and comparing to experiment.
It was found that while the accuracy of the E1 rates
was not on the same level as the energy spectrum
calculations, they were in agreement to an order of
magnitude. This is due to the ω3 proportionality in Eq.
(4) which drastically decreases the accuracy of AE1 for
reasonably small deviations in accuracy for ω (energy
levels). However, as these rates are primarily used to
identify promising states for experimental measurements,
this level of accuracy is sufficient. All possible strong
optical E1 transitions for the neutral atoms and ions con-
sidered in Sections III and IV are presented in Table VII.
From Table VII we see there are several optically
accessible states for Ds I compared to Pt I. However,
few of these states have large transitions rates. The
transitions with the largest rates are 3F4 → 2
o
5,
3F4 → 4
o
4
and 3F4 → 2
o
4. For Ds II the promising transitions are
4F9/2 → 1
o
9/2 and
4F9/2 → 2
o
9/2.
Along with these strong E1 transitions we also cal-
culate the isotope shift (IS) of the these energy levels.
The IS is an important property as it is an indirect
indicator of the effect of the nucleus on the atomic
properties of the atoms. The IS can be used to find
the difference in nuclear radius between two isotopes
and, if the spectra of lighter neutron deficient isotopes
is known, predict the spectra of heavier, meta-stable
neutron rich isotopes. This can be used to identify
long sought after meta-stable super heavy nuclei in the
spectra of astronomical data [17, 41–43]. The effect
of the IS is separated into two different mechanisms,
the volume shifts which dominates in SHE[44] and the
mass shift which is negligible in for heavy elements.
Therefore, in this work we only consider the effect of
the volume shift. Using the CIPT method, we calculate
the excitation spectrum of the each isotope by varying
the nuclear radius in the nuclear potential in the HF
procedure described in Section II. We present three
different IS parameters based on different models of the
IS. The first form of the IS is,
δν = E2 − E1 = a
(
A
2γ/3
2 −A
2γ/3
1
)
, (5)
where A1 and A2 are atomic numbers for two isotopes
(A2 > A1), E1 and E2 are the excitation energy for A1
and A2 respectively and a is a parameter which should
be calculated for each transition. This form is based
on the approximation the isotope shift is dependent
on R2γN where γ =
√
1− (Zα)2 and the large scale
trend of nuclear radius RN ∝ A
1/3, see Refs. [11, 45]
for more details. This form of the IS is convenient
for isotopes with large differences in atomic number
and therefore particularly useful for predicting the
spectra of meta-stable isotopes from lighter isotopes
synthesized in laboratories. However it should be noted
that the large scale trend of nuclear radius and nuclear
volume is not necessarily valid for SHEs due to the
non-uniform density of the nucleus. This may leads to
large deviations in the calculated IS [46].
The two last forms of the IS presented are related
to the root mean squared nuclear radius, Rrms =
√
〈r2〉
which is the nuclear charge radius of the nucleus and
calculated using a Fermi distribution to model the
nuclear density. A common form of isotope shift is the
relation between the change of atomic frequency to the
change of nuclear charge radius
δν = FδR2rms, (6)
This formula (neglecting the mass shift) is convenient
for extraction of the nuclear charge radius change from
isotope shift measurements of nearby isotopes. The final
form of IS we present was introduced in our previous
work Ref. [11]
δν = F˜
R
2γ
rms,A2
−R2γrms,A1
fm2γ
(7)
where F˜ is an IS parameter to be calculated for each
transition. This form is valid for all isotope calculations
and is based on the IS proportionality mentioned above,
δν ∝ δR2γrms.
For the lighter isotope in the IS calculation, we calculated
the spectra using 272Ds (Rrms,272 = 5.8534 fm
2) and
272Rg (Rrms,272 = 5.8534 fm
2). For the meta-stable iso-
tope with N = 184 we used 294Ds (Rrms,294 = 6.039 fm
2)
and 295Rg (Rrms,295 = 6.0452 fm
2). The isotope shift
associated with the strong E1 transitions are presented
in Table VII.
VI. SUCCESSIVE IONIZATION POTENTIALS
In this section we calculate the successive ionization
potentials for Ds, Rg and Cn. Along with the strong
dipole transitions, this ionization potential is one of
the first atomic properties of elements to be measured.
The ionization potential of elements also reveals details
about the chemical and spectroscopic properties of the
elements. In Table VIII we present the ionic states and
ionization potentials of Ds I, II, III, IV, and Rg, I, II,
III, IV, V, and Cn I, II, III, IV, V, VI. To calculate the
IP of each element a new basis is constructed using the
V N−1 approximation for each successive ionization. The
CIPT method is then used to calculate the energies of
the ground state and an ionic state. In Table VIII we
present the successive ionization potentials of the SHEs
along with analogous calculations for lighter elements
for comparison with experimental results. Comparing
the CIPT IPs to the experimental values for the lighter
elements we see good agreement between the results
with discrepancy of few percent where experimental
8Table VII. Strong electric dipole transition amplitudes, DE1, transition rates, AE1 from the ground state to the upper odd
parity states of Ds I, Ds II, Rg I and Rg II . Isotope shift parameters a, F and F˜ between lighter, synthesized isotopes and
theoretically metastable stable isotope with neutron number N = 184 are also presented.
Upper State Energy (cm−1)
DE1
(a.u)
AE1
(×106 s−1)
a
(cm−1)
F
( cm
−1
fm2
)
F˜
(cm−1)
Ds I
1o4 21 812 0.318 0.236 64.5 5.07 37.8
1o5 24 958 0.00846 .000205 65.7 5.17 38.6
1o3 32 645 0.125 0.156 50.6 3.98 29.7
2o4 34 919 1.132 12.3 -183 -14.4 -108
2o3 36 404 0.0790 0.0873 64.5 5.07 37.8
3o4 39 814 0.464 3.06 85.9 6.76 50.5
2o5 40 173 2.06 50.9 -120 -9.45 -70.5
3o5 42 682 0.631 5.72 -34.1 -2.68 -20.0
3o3 42 722 0.359 2.90 -77.1 -6.07 -45.3
4o4 43 915 1.08 22.2 -27.8 -2.19 -16.3
Ds II
1o7/2 37 951 0.135 0.251 49.3 3.88 28.9
1o9/2 39 010 0.949 10.8 -206 -16.2 -121
2o9/2 41 911 0.898 12.0 36.7 2.88 21.5
Rg I
1o7/2 28 224 0.115 0.0753 80.9 6.15 46.0
1o3/2 32 677 0.487 4.20 58.1 4.42 33.0
1o
5/2 34 398 0.374 1.92 56.9 4.33 32.3
4Po5/2 42 709 0.932 22.9 -235 -17.9 -134
Rg II
1o4 42 047 0.290 1.41 69.5 5.29 39.5
results are available in Ref. [34].
The IP of some of the ionic species have been cal-
culated previously and are included for reference in
Table VIII. Comparing our results with previous calcula-
tions we see there is an agreement to within 10 000 cm−1.
In Ref. [19] the IPs of all the neutral atoms and ions
in group 12 were calculated using an MCDF method.
When compared to experimental results these values are
consistently 5-10% lower than experimental values.
The results of Ref. [47] were calculated by extrap-
olating a term in the Hamiltonian of the relativistic
Hartree-Fock potential. This extrapolation was included
to agree with those of lighter analogs. However as the
first ionization of lighter elements is due to the removal
of a 6s electron, the SHEs are ionized by first removing
a 6d electron. Therefore, the extrapolation in Ref. [47]
may not be accurate, though the calculations agree
with ours to about 10% which was similar agreement
found for lighter SHEs calculated in [11] using the same
method.
VII. CONCLUSION
The improved calculation and understanding of atomic
properties of SHEs is important in aiding future exper-
iments on these elements. In this paper we calculated
the low-lying atomic spectrum of Ds, Rg, Cn and their
ions. Promising strong E1 transitions for future experi-
mental measurement were calculated for these atoms and
ions. The isotope shift parameters calculated will hope-
fully facilitate the detection of nuclei from the island of
stability which has been long sought after. In this pa-
per we also calculated the successive ionization poten-
tials of the SHE. The ionization potential is one of the
first measured properties of elements and therefore these
calculations should aid in experimental studies.
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